MTH 166

Lecture-14

Solution of Non-Homogeneous LDE
with Constant Coefficients Using
Operator Method-II




Topic:

Solution of Non-Homogeneous LDE with Constant coefficients Using Operator
Method-I|

L_earning Outcomes:

Solving Non-Homogeneous LDE Using operator method when:
1. Function is of the form: r(x) = x™

2. Function is of the form: r(x) = e“**g(x)



Operator Method to find Particular Integral (P.1.):

Case 3: Ifr(x) =x™

ThenP.lis: y, = ir(x)

f (D)
_ 1 m _ 1 m i
=Y =Ty X = anon ¥ ( By taking least degree term common from f (D))

=y, = [1+ h(D)]"'x™ and we expand this expression by Binomial expansion.

Note:

1. [1+hD)]™ = 1= k(D) + (D))" = (h(D))” +---

2.11 - h(D)]"L =1+ (D) + (A(D))" + (h(D))* + - - -



Problem 1. Find the general solution of: y'"" + 25y = 4x*

Solution: The given equation Is:

y"" + 25y = 4x? (1)

S.F.: (D? + 25)y = 4x*> where D = di

X
= f(D)y =r(x) where f(D) = (D? + 25) and r(x) = 4x*
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D?>+25)=0 = D% = —25

= D =—1,—4 (real and unequal roots)
Let m; = 5iand m, = —5i

~. Complimentary function is given by:
y, = e®*(c; cos 5x + ¢, sin 5x)

= y. = (¢4 cos 5x + ¢, sin 5x)



To find Particular Integral (P.1.):

1
Yo = 7y ") =

(4x*)

(D2+25)

=y, = —(25x —2)
-~ General solution is given by: y = C.F. +P.I.
L.y = Yct Vp

= (¢y cos5x + ¢, sin5x) + é (25x2 — 2)

~ %+ 0|

Answer.

(D?(x*) = 2)



Problem 2. Find the general solution of: y" — 6y’ + 9y = 4x? — 1

Solution: The given equation Is:

y'" —6y +9y =4x? -1 (1)

S.F.: (D*—6D +9)y =4x*—1 where D = di

X
= f(D)y = r(x) where f(D) = (D?—-6D +9) and r(x) = 4x% -1
To find Complimentary Function (C.F.):
AE..f(D)=0 = (D>—-6D+9)=0 =>(D-3)(D-3)=0

= D = 3,3 (real and equal roots)
Letm; =3and m, =3

~. Complimentary function is given by:
Ye = (c1Fcpx)e™”

= Y. = (c1+cyx)e3*



To find Particular Integral (P.1.):

"~ f(D) ~ (D2- 6D+9) (4x* —1)

_pn2y\ 1
1_(6D D?)

=Yy = [9(1_(6113;D2)> (4x2—1)] = %[( 5 ) (4x2 _ 1)]

5| (1 () o (2252 st

(6D-D?)

:yp=%:(4x2—1)+( )(4 2—1) + 22 D2 (4x? 1)+0]

1 6 1 36
> ¥y =5 |(4x?-1) +2(8x) - £ (8) + = (8)]
=~ General solution is given by: y = C.F. +P.I.

Le.y =Yt Wy

=y = (¢ +cyx)e?” [(4x —1) + = (8x) — = (8) 420 (8)] Answer.



Operator Method to find Particular Integral (P.1.):
Case 4: Ifr(x) = e**g(x)

ThenP.lis: y, = %r(x)

_ 1 ax
=>yp _f(D)e g(x)

=W = e™ [f(D1+a) g(x)]

Either g(x) = x™ or g(x) = cos ax

Then we proceed with the rules that we already know



Problem 1. Find the general solution of: y"" — 4y’ + 5y = 24e** sinx

Solution: The given equation is:

y'"" — 4y’ + 5y = 24e** sinx (1)

S.F.: (D? —4D + 5)y = 24e3*sinx  where D = di

X
= f(D)y =r(x) where f(D) = (D? —4D +5) and r(x) = 24e3* sinx
To find Complimentary Function (C.F.):

AE.:f(D)=0 =(D?-4D+5)=0

=>D=2+i (Complex roots)

Letm; =2+iandm, =2 —1i
~ Complimentary function is given by:

y, = e**(cq cos x + ¢, sin x)



To find Particular Integral (P.1.):

1 (x) = 1
Ip = f(D)r x) = (D2—4D+5)

(24e%* sinx )

— 2x 1 : = — 2X -
= yp = 24e [((D+2)2_4(D+2)+5)smx] yp = 24e [(D2+1)51nx]

=y, = 24e* _ smx] (Put D? = —(1)?) (Case of failure)

(11)

o ox [ 1 .
“ Yy = 24e x_f’(D)

General solution is given by: y = C.F. +P.I.

] = 24e°*x [%sinx] = 12e**x [ sinxdx = —12xe** cos x

Le.y =yt yy

=y =e?*(cy cosx + ¢y sinx) — 12xe?* cosx  Answer.



!

Problem 2. Find the general solution of: y"' —y' — 6y = xe 2%

Solution: The given equation is:

y' —y' —6y =xe" (1)

SF.:(D?—D—6)y =xe % whereD = di

= f(D)y =r(x) where f(D) = (D?—-D —6) andr(x) = xe™*
To find Complimentary Function (C.F.):
AE.:f(D)=0 =>MD?-D-6)=0 =MD-3)(D+2)=0

= D =3,—2 (real and distinct roots)

Letm, =3 andm, = -2

~ Complimentary function is given by:

Yo = c1e3% + cye” %



To find Particular Integral (P.1.):

(xe™2*)

1
(D-2)2—-(D-2)-6

>y =e‘2x[
’ (

=Y,

_ e 1 gy = (20X
T TS f(x—g)dx— 5 (2 5
General solution is given by: y = C.F. +P.l.

L.y =Yt Wp

3 _o e—2x
=y =ce*+ce " —

2 _
= (5x“ — 2x)

)x] =Yy = e 2% [(DZ—SD)

=] =212

1

|

e

Answer.
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